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1. Introduction.

A classical problem in regression analysis, often met in
applied work, is that of correlated errors. If the error
covariance matrix is unknown the classical unweighted least
squares method is commonly used. But deleting the fact that the
observations are correlated leads to loss of efficiency. There
are no suitable general methods available to get efficient
estimates for this case.

The best considering of different problems in the estimation
and inference on unknown parameters in a linear model under
various assumptions on the error term is given by C. Radhakrishna
Rao (1967). He examined four general cases of structures of the
dispersion matrix Z.

In the first case the matrix X is an unknown arbitrary
positive definite matrix. In the three other cases he used the
matrix I of the form

Z - XTX + 202 + o°1,
where matrices TI',Z,# are known or unknown. He showed the
efficiency of the estimators when the dispersion matrix is given
in every case.

In our work we try to receive improved estimators for the

unknown parameters of the regression model by using estimated

covariance matrix of another structure.

8 tes o ode
The model of regression analysis is
&{y) - XB (1
where Y 1is a (Nxk)-matrix of k variables and a number of
observations equals to N, X is a (Nxn)-matrix and B is a

(nxk) -matrix of regression coofficients.



Let the covariance matrix of errors be

¢ {(Y-XB)(Y-XB))) = =

Suppose that = thas full rank, that it is positive definite and
unknown.

In classical scheme of estimation we have to find an
estimate of B by a minimization, 1.e.

e

B, = arg inf(tr{(Y-XB)' (Y-XB))).
B

Let us uge a decomposition of the matrix I of the form
T
Z=-Q1Q
where L is diagonal.

In other words

where

It is now possible to change variables by
W= GY

3
g V- X

o P

£ ((W-VB) (W-VB)T} = oI

Ml e

for some 02 > 0.

cereRee o Le

Hence for a model

B

. £(W) - VB

] the observations became independent. And an estimate of B can
E' be found as

F A

- B = arg inf(tr((W-VB)I(W-VB)}).

# B

é On the other side

5 A

| B = arg inf(tr{(Y-XB)TGTG(Y-XB)})
o B

3 T.-1

; - arg inf(tr{(Y-Y-XB) 2 “(Y-XB)))
?



The main idea of our work is to consider the matrices T with

decompositions

2:=--1¢\AT+D2

(2)
where A is a (Nxm)-matrix, and D2 is a diagonal
(NxN) -matrix. But expression (2) is a main concept in factor
analysis. The matrix A 1s the matrix of factor loadings, and
D2 is a diagonal matrix of uniquenesses.

If we have some estimate of %, 1t will be possible to get
a maximum likelihood estimate of A and accordingly of EI.

There exists an iterative procedure defined more precisely
than in Lawley and Maxwell (1971). They got a non-convergent
procedure of maximum likelihood estimate. A convergent one was
offered in Khokhlov (1983), The estimate of A can be obtained
by the method of consistent iterations

AlTL soﬁi221(2§5;231+1)'1, 1-0,1,... (3)

where S0 - [(N-1)/N])S, and § 1is a sample estimate of I, and
by Newton-Kantozovich method which converges more rapidly

1, -1, 21 25-1
890 (843 -F

A 1™ (I-Xi

1+ 1 "By 8oy (4

i=0,1,...
A ~ AT A2
where Ei = A1A1 + Di

If we get a simple estimate S by
A A T
S = (Y-XBIS)(Y-XBLS)
than S has not full rank. A full rank matrix S can be
obtained in two ways., The fast way is by using Tikhonov
regularizator r (Tikhonov 1978)
a3 A T

S = (Y-XBLS)(Y-XBLS) + rl
where r can be received by different methods. One of them is

r = Amax{(Y-XBLS)(Y-XBLS)}
A _{R) 1is the largest eigenvalue of a matrix R.

max
The second way is to substitute a matrix L in the



decomposition
EE" - Q'LQ
by a diagonal matrix J which contains elements of a diagonal of
the matrix EET such that
jll = j22 -, jNN > 0.
The matrix E 1is

M~

E=Y - XBLS.

So in this case we have the matrix
T
S = QJQ (5)
of full rank. Morover

2J, . = tr(S) = tr(EE)

1 ii
which corresponds to one of the most important properties of
elgenvalues

EAi(R) = tr{R)
i

And because the determinant of EET equals zero we can consider
that
det(S) = Hj11

which is another property of eigenvalues.

The matrix S obtained in the first way does not have these
properties.

Hence the estimate of the matrix of errors’ covariances is
the matrix (5) where Q 1s a matrix eigenvector of EET and J
is a full rank matrix of regulated diagonal elements of EE.

Then the estimate of matrix B in the model (1) is the

solution of the minimization

B = arg inf(tr{Y-XB)1s 1(Y-XB))
B

where 3% is the matrix (2), the maximum likelihood matrix of
errors' covariances, received by using the procedure (3) or (4).

So



ﬁ - (xTQ‘IX)'IxTQ’IY . (6)

The form of the estimate is the well known Gauss-Markov estimate.

3._.Another type of estimator
The model (1) can be modified intoc another form by
Y=-XB + E
where &{E} =0
and cov{E} =~ AAT + D2.
That means that
Y=XB+AZ 4+ u . _ (7
where &{Z} = &{u}) =0
coviu} = D2
cov{Z}) = I and QIZQT} -0,
So for the new model (7)
£{(Y-XB) (Y-XB)") = &(AZ+u) (AZ+w)") = AAT + p?
and the model (7) iz equivalent to the model (1).
Hence the estimate of B has to be found as
B = arg inf(tr((Y-xB-Az)TD"2(Y-XB-AZ)} + tr{zz'-1}).
Here the term tr(ZZT-I} iz needed because we must estimate not
only B but also Z, and the matrix Z has to have a
restriction
zz® - 1.
The equation (7) is solved by finding the first derivatives of a
function
f= tr{(Y-XB-AZ)TD-Z(Y-XB-AZ)} + tr(ZZT-I}
with respect to the matrices Z and B.
After this we will get the estimate from the equations
3f/82 = 0; and 9f/4B ~ 0.
Here
T

%% - vec{-A Dﬁz(Y-XB-AZ)+Z}



and %§ - vec{XTD'Z(Y-XB-AZ)}.
Hence A%+ ATD % + ATD %Az + 2 - 0 (8)
D2y - xp % - 0%z - 0 (9)

We receive the expression for Z from (8)

Z=- (ATD“zAT-r:)'1 A?D'Z(Y-XB) (10)

After this we substitute Z in (9) and find the estimate B

B = (x (b %-p"2a(aTp"2a+1) 1aTp 2)x) "1

-xT[D'z-D'zA(ATD'2A+1)'1ATD“2]Y.

But a matrix

(p-2-p"2a(aTp 2a+1) " 1aTp "2

is simply the matrix [AAT+D2]'1.

] .

It 1s easy to prove this. Multiplying (11) by AAL + >

gives as a result the matrix

ip-2-p"2a¢aTD 2a+1) "1aTD"2) [anT4D?)

ZaaT-p"2aaTD 2841y " 1aTp 2aaT4p " 2p2

-0 2aaTp 2a4+1y " 1aTp %p2

-0 2aaT 4+ 1 - p 2a(aTD"

- D

2 2

a+1) " LaTn Za+1)A- 1.

Thus the estimate B 1s the same as (6).

4 erti of th st

The estimate {(6) is unblased since

831 - ¢8Iy KTe 1y

- T e ey

= B,

Further the estimate (6) has covariance matrix

cov{B} = &{(B-B)(B-B)T} =~ (xix Ix) 1xTs"1 _

- tcr-3m) (- hie ko Tz Iy L

- (xTz'IX)'1xTz'1zz'1X(xTz'1X)'1 (12)

The ordinary least squares estimate is

- T, -1,T
BLS - (X'X) XY



with covariance matrix
~ A A T
cov{BLs] - 8[(BLS-B)(BLS-B) )
- &0 HmxTo?t, (13)
Let us compare (12) and (13). Then we have to use the lemma 2b
(Rao, 1967). If X is a (Nxn)-matrix of rank n, let Z be a

(NxX(N-n))-matriz of rank (N-n) such that X?Z = (0, Then

xTs Iy IxTs 1t w (xTy "Mkt . xTx) " 1xTsz

z¥szy 12T (14)

where S8 1is any (NxN)-positive definite matrix. It is easy to

see that the neat expression is true for the same matrices

-IZT -1,T

(zTsz) 1zTs = (zlzy " 1zT .

z¥2) 12T x(xTs 1x) " 1xTsubstituting (14) into (12) glves

cov(Q) - ) Wt - @) sz
(2%52) 2T L - T WPezcztezy Y
2sr1-2(2%szy L2 sk xTx) L (16)
If the matrices X and Z are as in the lemma then the unit
matrix within the square brackets of (l6) equals (see Rao, 1967)
1 - 2272 12T + xxTx) XX
Using (15) for the right part of the expression within the square

brackets, we finally get

coviB] = %) ey - @xy LxTez

22y LT - @My xTezzTEzy L
2ty - T WszezTzy s ke (s i L an
Hence because £ and X are positive definite the matrix

TEZ)-I

~

cov(B, )} - cov(B) = %) " xTez(z
2! ¢ @xy X iszezTezy 2 texTxy Tt

+ o) Yelszeztzy L2Te Ix Ty 1y ! (18)

is positive definite too. This means that the estimate (&) is
more efficient than the ordinary least squares estimate But if

~ A

Z=- 021 and I = 021, then (18) equals zero,



R e s

Khokhlov, V.V., The maximum likelihood method in factor analysis.
Preprint of Ukr NIINTI, Kiev, 1983 (in Russian).

Rao, C.R., Least squares theory using an estimated despersion
matrix and its application to measurement of signals. The
Fifth Berkeley Symposium on Mathematical Statistics and
Probability, Berkeley-Los Angeles, vol. I(1967), pp.
355-372.

Tikhonov, N.I., The regularization theory, Moscow-Nauka, 1978 (in

Russlan).



